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Abstract. The proofs of the probability density function (pdf) of the
Wishart distribution tend to be complicated with geometric viewpoints,
tedious Jacobians and not self-contained algebra. In this paper, some
known proofs and simple new ones for uncorrelated and correlated cases
are provided with didactic explanations. For the new derivation of the
uncorrelated case, an elementary direct derivation of the distribution
of the Bartlett-decomposed matrix is provided. In the derivation of the
correlated case from the uncorrelated one, simple methods including a
new one are shown.
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1 Introduction

The Wishart distribution has been often used for the matrix of the squares and
cross products of random vectors. In multivariate analysis or more specifically
structural equation modeling (SEM), a modified log-likelihood of this distri-
bution (see e.g., Ogasawara, 2016, Equation (2.8)) has been used probably as
a gold-standard discrepancy function for estimation even under non-normality
though the distribution is given under multivariate normality. In SEM, varia-
tions of the distribution are also used as priors for covariance matrices (Liu, Qu,
Zhang, & Wu, 2022; Zhang, 2021). The distribution has various extensions e.g.,
the inverted distribution (Anderson, 2003, Section 7.7), singular cases (Bodnar
& Okhrin, 2008; Mathai & Provost, 2022; Srivastava, 2003), complex-valued ones
(Srivastava & Khatri, 1979, Section 3.7; Mathai, Provost, & Haubold, 2022, Sec-
tion 5.5), those with two different degrees of freedom (df’s) (Ogasawara, 2023b),
the joint distributions of the Wishart matrix and normal vectors (Yonenaga,
2022) and cases under arbitrary distributions (Hsu, 1940; Srivastava & Khatri,
1979, Lemma 3.2.3; Olkin, 2002, Section 2).

Asymptotic results associated with the Wishart distribution are also of prac-
tical use. In SEM, the asymptotic standard errors of the Wishart maximum
likelihood estimators for structural parameters are often used under normality
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or non-normality. In this situation, the large df is assumed. When the number
of variables is also large under some condition as in high-dimensional data (see
e.g., Yao, Zheng, & Bai, 2015), the limiting distribution of the eigenvalues of the
Wishart matrix is given by the Mar¢enko and Pastur (1967, M-P) distribution
(the author is indebted to an anonymous reviewer for this point). The M-P dis-
tribution gives a tool for the problems of the numbers of factors or components
in SEM (Chen & Weng, 2023).

The probability density functions (pdf’s) of the Wishart distribution were
given by Fisher (1915, p. 510) and Wishart (1928) for the bivariate and general
multivariate cases, respectively. The derivations tend to be involved with geo-
metric viewpoints (see e.g., Anderson, 2003, Section 7.2) or not self-contained
algebra as criticized by Ghosh and Sinha (2002) (for the references of deriva-
tions see Srivastava & Khatri, 1979, p. 73 and Anderson, 2003, pp. 256-257).
Khatri (1963) showed a brief derivation using an integral of the unity over the
constant quadratic forms having the chi-square density. Ghosh and Sinha (2002)
gave a self-contained concise proof of the Wishart density though it is an indirect
method. In spite of frequent use of the Wishart density and its variations in SEM,
the derivation of the pdf seems to be often intractable for beginning students/re-
searchers. Probably, many of them use the Wishart pdf as if referencing a cook
book without understanding the derivation, which is an undesirable situation. A
relatively concise derivation is to use the characteristic function and its inversion
(Wishart & Bartlett, 1933; Wilks, 1962, Section 18.2). However, this method re-
quires the Fourier integral theorem or Levy’s inversion formula, which may be
unfamiliar for beginners. In this paper, almost self-contained known proofs and
new ones for the uncorrelated and correlated multivariate cases are shown with
didactic explanations.

2 Proofs of the Wishart Distributions

2.1 The distribution of a lower-triangular matrix for the Wishart
density

Suppose that in the random matrix X = {X;;} (i =1,...,p;5 =1,...,np < n),
each column is multivariate normally distributed as N,(0,I,) independent of
the other columns with the population mean vector 0 and covariance matrix I,
denoting the p x p identity matrix. That is, all the elements of X are mutually
independently distributed as standard normal.

Let S = XXT = TTT be Bartlett-decomposed such that T is a p x p lower-
triangular matrix whose diagonal elements are positive. Define s =
(811, 5§21, 8225 -4y Sply+eey Spp)T and t = (t117 t21, t22, veny tph ...,tpp)T, where s and
t are the {(p? + p)/2} x 1 vectors of the non-duplicated elements of S and the
random elements of T, respectively. Let |9s/0tT|, (Srivastava & Khatri, 1979,
p. 28) be the absolute value of the determinant of the Jacobian matrix for the
transformation S — T:

0s 08;5 S
ath{ J}(p22>y>1;p2k2521)
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using the double subscript notation for the rows of the elements of S and columns
for those of tT in ds/0tT. Then, the Jacobian of the transformation is given by
|0s/0tT| .. For the proof of the Wishart distribution, the following lemmas are
used.

Lemma 1 Suppose that each of 2m variables X;, and Xji (i # j;k=1,...,m;
m = 1,2,...) independently follows N(0,1) = N1(0,1). Then, the distribution of

doney Xin Xk, is the same as that of X /3"y X5 (i # j; L= 1,...,m).

Proof. When m = 1, the equal distribution of X;3 X;1 and X;1,/X? = Xi1|Xj1|

J
is given by the symmetric distribution of X;; X1 about zero. For general cases,
consider the moment generating functions (mgf’s). By definition, the mgf of
>k XX is

E{exp (¢ 3241 XawXjn)} = [Tp, E {exp(tXi Xn) }

2 2
= Hkm=1 ﬁ ffooo ffooc exXp (tl’ikxjk - I]Tk)dmjk exp (— 7”5’6) dx;
jk—tzir)? 1-tH)z?,
T e 5 T e e { e e { - 005 Y
1-t%)a?,
— H;nzl \/%7 fix;o exp {_%} dx;i

= (1 —t3)~™/2 (t| <1).

On the other hand, the mgf of X; /37", X7, is

Eexp (tXm /s ka)

= L[ [ exp (twiy /T 22 D ) ot

= Cn)D72 Joo oo EXP il k=1Ljk 2 5
XdIildl‘jl s dxjm

2

= (27r)1M/2 fix;o T fix;o (2751/2 exp {_ (mil — 14/ Z;n:l ‘T?k) /2} dxzy
Xexp {—(1 )3 x?k/2} dzji - dzjm

= o e oo exp {—(1 — %) 3k x?k/Q} dajy - dajm

= (1=t~ (Jt| <1).

It is found that the above two mgf’s are the same, which shows the same distri-

bution of Y ;" | Xix X, and X\ /> e, ijk (i #7; 1=1,..,m). O

The second proof using the pdf of the chi-distribution is given in the supple-
ment to this paper (Ogasawara, 2023a).
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Lemma 2 (Deemer & Olkin, 1951, Theorem 4.1; Srivastava & Khatri, 1979,
Exercise 1.28 (i); Muirhead, 1982, Theorem 2.1.9; Anderson, 2003, p. 255). The
Jacobian of the transformation S — T is

os/0t" | =2 ]

Proof. Deemer and Olkin (1951) derived the result as a special case of another
general theorem. Muirhead (1982) used the exterior product while an essential
standard proof was given by Anderson (2003). The derivation is given here by
induction. When p = 1, |8S/6tT|+ = d811/dt11 = dt%l/dtn = 2t11 > 0 show-
ing that the above result holds. Assume that the result holds when p = p*
ie., |0s/otT| = 27 f; tf;_iﬂ(p* > 1). When p = p* + 1, the elements
Spst1,15 Spxt1,2 o> Spxt1,pe+1 are added to s at its end. Similarly,

Poop—itl
PP

J
tp*+1,17tp*+1,27 ---7tp*+1,p*+1 are added to tT. Noting that Sij = Z tiktjk (p Z
k=1

i> 7 >1), we find that 9s/0tT is a lower-triangular matrix. Consequently, the
added factor in |0s/0t™|, when p = p* + 1 over when p = p* is given by the
product of the added diagonal elements:

asp*Jrl,l asp*+1,2 a5;n>~<+1,;n>~< asp*+1,p*+1

=t11too - - tp*p*2tp*+1 px+1-
82517*-&-171 8tp*+172 8tp*+17p* 8tp*+17p*+1

That is, |0s/0tT | becomes

. p* *_; . P+l « .
pr—i+1 _ 1 p+1—i+1
2p (H t > t11tog - - - tp*p*2tp*+1,p*+1 =2 + Hi:l t” )

i=1 %
which shows that the formula [9s/0tT|, = 27 [TF_, """ holds when p = p* +1

i=1 "1
indicating the required result. a

In the following theorem for a known Wishart density, we use I,(n/2) =
oPP=D/ATTP_ T'{(n —i+1)/2} i.e., the p-variate Gamma function (Anderson,
2003, Definition 7.2.1; Subsection 7.2, Equation (18); see also DLMF, 2021, Sec-
tion 35.3, https://dlmf .nist.gov/35.3), where I'(k) = [~ v* ! exp(—v)dv (k >
0) is the usual gamma function.

Theorem 1 Under the condition that the n columns of X independently follow
N,(0,1,), the pdf of the Wishart distributed S is given by

_ exp{—tr(8)/2}|S|("P—1)/2
’wp(S|Ipa Tl) = 27zp/2Fp(n/2) (n > p).

Proof. Consider the case of t;; = X;; and t;; = /Y ,_, X4 (G =1,..,p;j =
1,...,i—1). Since X;;(i = 1,...,p;j = 1, ...,n) are mutually independent, t;; (i =
1,...,p;j = 1,...,i) are independent. Note that (TT%);; = Z;’:l tfj = (XXT);;
(¢ = 1,...,p) are independently chi-square distributed with n df, where (-);;
is the (i,7)-th element of a matrix; and t;; is chi-distributed with n — i + 1
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df. Further, Lemma 1 shows that the distributions of the off-diagonal elements
(TTT),L'J' = Z?@:l tv’,ktjk and (XXT)U(p Z T > j 2 1) using tjj and tz'j (’L =
1,..,p;j = 1,....i — 1) are the same. That is, the distribution of S = XXT and
TT7T are the same when t;; (i = 1,...,p;j = 1,...,i) are distributed as above.
The pdf of the constructed ¢;;’s (p >4 > j > 1) denoted by f,(T) becomes

I ti " exp(—t3:/2)
i=1 28D/ {(n — i+ 1) /2}

1
X —— [T exp(—t%/2
(\/ﬁ)(pz_p)/2 p>i>j>1 (=t/2)

{feeoca/m) { M e (—tﬁjm)}

i=1 p>i>j>1

fp(T) =

— - _ — P
2( ,_gl)pip(pz-l)ip % 217(174 1)71_17(174 1) H F{(n — i+ 1)/2}
=1

(o) (T2

np

2F T, (n/2)

In the above expression, the pdf of the chi-distributed ¢;; with k& df denoted by
fx(tii]k) is given by that of the chi-square distributed u = t% with k df i.e.,

K22

(k/2)—-1
u . . . .
[z (ulk) = Wexp(—u/?) with the Jacobian du/dt;; = 2t;;, yielding
ulk/2)-1 du tE?_iH)_QH exp(—tfi/2)

Iy (tislk) = ST (E2) exp(—u/2)dtii T 2= D/2 1 (n — 1 1)/2)

as shown earlier, when u =t2 and k =n —i + 1.
Consider the transformation T — S in S = XXT = TT™. The Jacobian
J(T — S) of this transformation is given by the reciprocal of J(S — T) obtained

1
in Lemma 2 as J(T — S) = 1/|9s/0tT|, = (2p v t’?ﬂH) . Consequently,

=1 "1

using [S|'/2 = |T| =t1;-- -t the pdf of S becomes

wy(S|Lp,n) = fp(T)J(T = S)
_ (ITo_, t27") exp{—tr(TTT)/2} _ exp{—tr(S)/2}|S|"—P~1/2

i=1 "1

2F L/ I, 2P0/

1=1 "1

O

Remark 1 The pdfoft;;’s (p >1i>j > 1)ie., f,(T) given above using Lemma
1 is algebraically equal to those of Anderson (2003, Equation (6), p. 253, Corol-
lary 7.2.1), Wijsman (1957, Equation (12)) and Kshirsagar (1959, Remarks).
However, a typical derivation by e.g., Anderson is an indirect one using or-
thogonalization and the conditional normal density. Since Anderson’s derivation
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seems to give some complicated impressions for beginning students/researchers
though it is almost self-contained, the corresponding didactic explanation of his
derivation is given below. Anderson (2003, Equation (2), p. 252) defined the
n-dimensional independent random vectors v; ~ N, (0,1,,) (i = 1,...,p) with

Then, the Gram-Schmidt sequential orthogonalization is employed (Anderson,
2003, Equation (3), p. 253) as

W, = V; — W, (i=2,...,p) and Wy = vy,

;-ij for the denominator W;-ij. Though V]TW]' =
W;»FWj (j = 1,...,7) as will become apparent, w;»rwj may be more natural and
appropriate. While he included the short derivation of the orthogonality among
w;’s by induction, it is repeated here with some added explanations. When ¢ =

2, we have

where he used the expression v

T 1. T

W2TW1 ={vo—w; (w}jwl)flw?VQ}Twl = vy lwy—Vs wl(w?wl)f wiw; =0
showing the orthogonality. Suppose that
wiwg =00, k=1,..,i—1; j#k)

hold. Then, we have

i—1 WTV‘ i—1 WTV
Ty, — T o 3t _ _ Ter. J
W w, =w, |V ZWJT =wW,.V; Zwkw] o
=1 W W j=1 Wi Wy
T
Wi V;
_ w7 T EYr _ ; A A ;
=W, Vi W Wi —p—=0(i=2,..,p; k=1,...,i—1),
W, Wi

due to the assumption ijwk =0(,k=1,..,1—1; j # k), showing the re-

quired result WjTW;C =0 (j,k=1,...,4; j # k). Recall that vawj = W;-ij (j=
1, ...,7) mentioned earlier, which is obtained by Wijk. =00, k=1,...,4; j#£k)
a S, Y oo )
andw; =v; — > w——— (i =2,....p).
The orthogonalization procedure is re-expressed by

i—1 W;-FVZ‘
Wi =Vi— ) W —r—
=1 T WW

=V; — (Wl, ...,wi_l)diag{(wlTwl)_l, e (W?_lwi_l)_l}(wl, ...,Wi_l)TVi

=v,—Pw, ,vi=I,—Pw,_,)vi=Qw,_,vi (i=2,....,p),
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where Pw, , = W1 (W], W,;_1)"'WT | is the idempotent (i.e., P3y,, =
Pw,_,) and symmetric projection matrix transforming or projecting v; onto
the space spanned by the columns of W;_; = (wy,...,w;_1) of full column
rank by assumption; and Qw, , = I, — Pw,_, is also an idempotent and
symmetric projection matrix yielding the residual vector v; — Pw, ,Vv; or the
projected vector on the space orthogonal to the column space of W;_; with
v, = Pw,_,vi+Qw,_,Vv;. Anderson (2003, p. 252) stated that “w; is the vector
from v; to the projection on wy,...,w;_1” with his Figure 7.1. He repeatedly
stressed the equivalence of the column space of W;_; and that of vy,...,v;_1 in
our expression.

Using the constructed wy, ..., w;_1 by the Gram-Schmidt orthogonalization
or projection, Anderson (2003, p. 252) defined

ti = ||wil| = /wiw; (i=1,....p)

tzj :V;FWJ/HW]H (i:27"')p; .j = 17"'7i_1)’

and

which may be uniformly expressed by t;; = viw;/||w;|| = (i =2,...p;j =
1,...,7) due to vfwj = w;rwj (7 =1,...,7) mentioned earlier. Then, noting that
w; =Vv; — Pw,_,Vv;, we have

K3 ..

(Anderson, 2003, p. 252). In v; = > ||:IJ||W]- (i =1,.,p), w;/llwj|]| j =
Jj=1 J
1,...,4 — 1) is seen as the unit-norm vector representing the direction for the
j-th coordinate in the ¢ — 1 coordinates given by wiy,...,w;_1. He stated that
“ti5,7 =1,...,4 — 1 are the first i — 1 coordinates in the coordinate system with
W1, ..., W;_1 as the first coordinates axes” (p. 252). We also find that ¢;; is ||w;]|
times the regression coefficient b;; for v; on w; since

tiy = viw;/[[will = (viw; fwlw; ) [[w;]
= bij||will(i=2,..,p; j = 1,00 = 1).
The properties of the normality of t;; = viw;/|[wj|| (i = 2,...,p;j =

1,...,4—1) and their mutual independence shown by Anderson are based on the
normality of the conditional distribution of the multivariate normal when w,;(j =
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1,...,i — 1) are given and orthogonal transformation in t;; = viw;/||w;|| (i =
2,..,p;j = 1,...,i — 1). That is, the standard normally-distributed variables
ti; = viw;/|lw;|| do not depend on wi, ..., w;_1 indicating independence with
(wi/ llw;|) Wi/ [|wi|| = 81 (j,k = 1,...,i — 1), where d;); is the Kronecker
delta with d;; = 1 and 6;, = 0 (j # k) (Anderson, 2003, Theorem 3.3.1).
. 1/2
The independent property of ¢;;’s is given by t; = {(XXT)” — Z;;ll tfj} /
Although the same result as shown above by the didactic explanation of Ander-
son’s derivation is directly given by Lemma 1, the two methods may be insightful

with compensatory properties. [end of Remark 1]

2.2 The Wishart density for general correlated cases

For the correlated cases, four lemmas are provided. Lemma 3 is for three Jaco-
bians in the product of two lower-triangular matrices, where the first Jacobian
was used by Anderson (2003, Theorem 7.2.2) to derive the Wishart density for
general correlated cases while the remaining two are given for generality with
didactic purposes. Lemmas 4 and 5 are provided for the Jacobians in two alterna-
tive derivations of the general Wishart density. The proof of Lemma 6 associated
with sufficient statistics is based on Ghosh and Sinha (2002).

Lemma 3 Suppose that A = BC, where A, B and C are pxp lower-triangular
matrices. Consider the variable transformation from the non-zero elements of

C or B to those of A. Then, the Jacobians J(C — A) and J(B — A) are
- -1
ITT7-. 0| " and ‘Hp cp_”l‘ , respectively. When B = C, J(B — A) =

i=1 " i=1 "1

. —1
‘Hﬁ;l [T (bii + bjj)‘ :

Proof. Note that Anderson (2003, p. 254) gave J(C — A). Since a;; = ZZ:;‘ bikClj
(p>i>j>1), we have

ai1 _b11 00 o --- 0 C11
a1 * b22 0 0 --- 0 C21
a9 * % b22 -0 - 0 C292
= )
ap1 ¥ ok ke bpp -0 Cp1
| Gpm | % % x oo koo by | | cpp

where the diagonal element of the lower-triangular matrix corresponding to the
row for a;; and the column for ¢;; is b;; (p > ¢ > j > 1); the asterisks indicate
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zero or non-zero elements; and

a1 C11 o0 ---0 --- 0 b11
a921 * C11 0 0 -0 b21
a9 * % Cg99 - 0 -+ 0 b22
= )
ap1 X %k ok ce- Cpp ccc 0 bpl
L @pp | Lf o ke ke gy | [ by |

where the corresponding diagonal element for a;; and b;; is ¢;; (p > i >35> 1).
Since the inverses of the Jacobian matrices for J(C — A) and J(B — A) on
the right-hand sides of the above equations are lower-triangular, the Jacobians
become the reciprocals of the absolute values of the determinants i.e., ]

=1 m
and [T, & =" respectively. The result when B = C is obtained by the recip-
rocal of the determinant of the sum of the two lower-triangular matrices. O

Lemma 4 Suppose that A = BCBT, where A and C are p x p symmetric
matrices; and B is a lower-triangular matriz. Consider the variable transforma-
tion from the non- duplicated elements of C to those of A. Then, the Jacobian

J(C— A)is |B|} (1),

Proof. Since the non-duplicated elements of A using its diagonal and infra-
diagonal elements are a;; =Y ;_; Zl 1 bikeribjy (p > 1> j > 1), we have

Oa;;

Y by (pz iz 2 L k=1 =1, ),
8ckl

which gives

_0,11_ _b11b11 0 0 - 0 - 0 1 _611_
a1 *  bagbiy O 0 0 c21
a2z % % bagbay oo 0 -0 0 Ca2
ap1 * * * s bppbll - 0 Cp1
L App | L * * oK ek bppbpy | [ Cpp |

where the diagonal element of the lower-triangular matrix for a;; and ¢;; is
Oa;j/dc;j = byibj; (p > 1 > j > 1). Since J(C — A) is the reciprocal of the
absolute value of the determinant of the above lower-triangular matrix, we obtain

J(C = A) = 1/]{[ Wt = B @Y. 0

i=1 "1

Lemma 5 Suppose that A = BCCTBT, where A is a p x p symmetric matriz;
and B and C are lower-triangular matrices. Consider the variable transforma-
tion from the non-zero elements of C to the non-duplicated elements of A.. Then,

the Jacobian J(C — A) is \B|_T_(p+1)/ 2P Pt

zlu
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Proof 1 The diagonal and infra-diagonal elements of A are employed for its non-
duplicated ones without loss of generality. Then, define a =

(@11, a1, @22, ..., ap1, ...,app)T and ¢ = (11, €21, €22, ..y Cp1, ...,cpp)T with the el-
ements lexicographically ordered. Since B, C and BC are lower-triangular, the
Jacobian matrix da/dcT = {0a;;/0cii} (p>i>j>1;p>k>12>1) becomes
lower-triangular. This can be shown by

9ai; — {B(ECT + CE)BT}i; = (BE,CTBT),; + (BCE;BT),;

8ck,

=bx(BC)j; + (BC)ybjx(p>i>j>1;p>k>12>1),

where E;; is the matrix of an appropriate size, whose (¢, j)th element is 1 with
the remaining ones being 0. The right-hand side of the last equation in the above
expression vanishes when i < k or {i = k} N{j < I}. This condition indicates the
lower-triangular form of da/dc™ = {da;;/dck}. Then, the diagonal elements are

9a
8?] = {B(E;;C" + CE;;)B"};; = (BE;C"B");; = biic;;bj; (p>i>j>1)
ij
and 9
St = {B(BuCT + CE)B )i = Wi (i = 1, .p).
Ci

Since the determinant of the Jacobian matrix for J(A — C) is

P i daij __ D i—1 Oaij P Oaii _ op TP i o
i=1 Hj:l dcij ( i=1 Hj:l dcij i=1 80:: =2 i=1 Hj:l b“cJJbJJ

:210( p bl) P Cp—j+1b§gj—j+1:2p ppptl p—itl

1=1 "1 Jj=1%33 i=1 " i
— +1 17TP —i+1
= 2B [y i

the Jacobian J(C — A) is the reciprocal of the absolute value of the above
quantity:
— gI=etD) /lop TTP  p-itl
J(C = A) = BT T o

)

which is the required result. a

Proof 2 The transformation A = BCCTBT is seen in two steps. In the first
step, the transformation C — CCT is considered, whose Jacobian is given by

Lemma 2 as J(C — CCT) = 1/ |22 []"_, & "

i=1 Cii
transformation CCT — A = BCCTBT with the Jacobian J(CCT — A) =
|B|jr(p+1), which is given by Lemma 4. Then, the Jacobian J(C — A) is the
product of the two Jacobians due to the chain rule, which gives the required
result. a

. The second step is for the

Suppose that each column of a p x n matrix Y follows N, (0, X) with positive
definite X independent of the other columns. Recall X in Theorem 1. Let X =
BBT be the Cholesky decomposition, where B is a fixed lower-triangular matrix
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whose diagonal elements are positive for identification and convenience. Then,
each column of Y = BX independently follows N,(0, X). Define Sx = YYT
BXX"'BT = BSB”, where S = Sy, = XX' = TT", and the {p(p + 1)/2}
1 Vect())r S = (Sx11, 5521, 5522, -y SEpl, - Sxpp)+ With Sy = {sxi;} (4,7
1,...,p).

x|l

Lemma 6 Define positive definite £; = B;BY and S, = B;SB} (i
where S is as before. Denote the pdf’s of Ss:, at S by gs—x,(Ss) (i
Then,

Il
—_ =
N DN

N~—

gs=%,(Sn) _ ¢pn(Y[0, Z1)
g2=5,(8%)  pn(Y|0, o)’

where ¢pn(Y10, 2;) = [T2; ¢p{(Y) ;10, X;}; (Y).; is the j-th column of Y;
and

exp{—(Y)r,Fj 2;1 (Y). j/2}
(2m)"/2 |z |12

op{(Y).;]0, i} = (i=1,2,5=1,..,n).

Proof. The derivation is given by the factorization theorem for the sufficient
statistic corresponding to Sy for ¥ as used by Ghosh and Sinha (2002, Equation

(8)):
(Y0, ;) = gn=x,(S)h(Y) (i =1,2),

which gives the required result. O

The Wishart density for general correlated cases (see e.g., Srivastava & Kha-
tri, 1979, Theorem 3.2.1; Anderson, 2003, Theorem 7.2.2) is derived in different
ways.

Theorem 2 Let each column of a pxn matriz’Y follows N,,(0,X) with positive
definite ¥ independent of the other columns. Then, the pdf of S =YYT is

exp{—tr(ZJ_ISz;)/2}|Sg|(”_p_1)/2

wy(Sx|X,n) = 2n0 /2|5 ["/2 T, (n)2)

Proof 1 Consider the transformation T — Sy, = BTTTB?T. The Jacobian is
given by Lemma 5, when A = Sy, B = B and C = T with added restrictions
bi; > 0and t;; >0 (Z =1, ...,p) as

J(T — Sg) = [B|~P*+Y/ (217 HP t?ﬁiﬂ) = g~ tD/2) (2p HP tpfiJrl) '

i=1 " i=1 ©
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The pdf of T denoted by f,(T) was given by Theorem 1. Then, we have

wp(Sx|X,n) = fp,(T)J(T — Sx)
p ,
exp{~te(TTN)/2 [T (o pinya
2(np/2)=p [, (n/2) w7, t;f;i+1

Y4
exp{—tr(TTT)/2}|x|~+D/2 T] ¢7 P~
=1

27°/2 T (n/2)
exp{—tr(B~'SgBT~1)/2}|x|-(»+1)/2|B-18x BT |(n—P-1)/2
270/21,(n/2)
exp{—tr(X~'Sx)/2}|Sx|" P/

2np/2|%|"/2 T (n/2) ’

where tr(B~1SgBT~!) = tr(BT"!B~!Sx) = tr{(BBT) " !Sg} = tr(X"!Sgx)
and [B71SsBT~!| = |Sx||X|7! are used. The last expression gives the required
result. O

Proof 2 Employ the two-step transformation T — S = TTT — Sy, = BSBT.
The first step was used by Theorem 1. The Jacobian J(T — S = TTT) in the
first step is given by Lemma 2 by taking the reciprocal of the last result of the
lemma while J(S — Ss = BSBT) is obtained by Lemma 4. That is,

w,(Sx|X,n) = f,(T)J(T — S)J(S — Sx)
exp{—tr(S)/2}|S|("P~1)/2
- J(S =S
2/2T,(n/2) (S — Sx)
exp{—tr(8S)/2}|S|("P~1)/2
= 271,p/2[’p(n/2)
eXp{ftr(Zflsz)/Q}‘zflsE|(n7p71)/2|2|7(p+1)/2
27#/2T,(n/2)
_ eXp{—tr(ZflsE)/2}‘SE‘(nfpfl)/g
2 2[S] 2T, (n]2)

‘B|f(p+1)

O

Proof 3 (Anderson, 2003, Theorem 7.2.2) Anderson used an alternative two-step
transformation T — T* = BT — Sy = T*T*?. The Jacobian J(T — T*) is
given by the first result of Lemma 3 while J(T* — Sx) is given by the reciprocal
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of the last result in Lemma 2 when T = T*. That is,

wy(Sx|,n) = £,(T)J(T — T*)J(T* — Sg)

P .
exp{—tr(TTT)/2} [T t&~" B
= =1 (IT%- bi.)fl(gp P tfp—i-*-l)
2(”?/2)—17]—’1)(”/2) =1 "1 i=1 "4

exp{—tr(TTT)/2} f[ (t2,/bis)" " exp{—tr(TTT)/2} li gm—p=1

i=1 —
20/, (n/2) (TTy bi) T, 1550 22 (T ) Lp(n/2)

B exp{—tr(X~'Sx)/2}|Sx|" P~/
2 R[S (12)

a

Proof 4 Use Theorem 1 and Lemma 6 when ¥; = I, and ¥y = Bng =
»1/2(21/2)T = X, Then, we have

opn(Y]0, %)
wp(Sx (%) = wp(Sslln) " 5T )
_ exp{—tr(Sx)/2}|Sx|" PV 2 exp{—tr(YYTE ) /2 /{(2m)"" 2 /2
20721, (n/2) exp{~tr(YYT)/2}/(2m)""/

exp{—tr(E_lsg)/QHSg|("_P_1)/2
2np/2| %"/, (n)2)

3 Remarks and Conclusion

For the general correlated cases, four proofs are shown in Theorem 2. The
one-step first proof uses f,(T) with J(T — Sx) given by Lemma 5, where
Sy = BTTTBT" with lower-triangular B and T is seen as a two-fold Bartlett
(Cholesky) decomposition or a usual Bartlett (1933) S = BT(BT)" in terms
of lower-triangular BT. The two-step second proof uses f,(T) with J(T — S =
TT?) and J(S — Sy = BSBT) obtained by Lemmas 2 and 4, respectively.
Anderson (2003)’s two-step third proof uses f,(T) with J(T — T* = BT) and
J(T* — Sx) given by Lemmas 3 and 2, respectively. Among the four proofs,
the first and fourth ones are relatively simple. The remaining two-step proofs
seem to be comparable. It is found that in order to derive the final Jacobian by
Proofs 2 and 3, Lemma 2 is firstly and secondly used, respectively. When only
the pdf of S(= Sxs_1,) is focused on, Proof 2 may be the simplest though the
same result is immediately obtained from the pdf of Sx substituting ¥ = I,.
In each of the four proofs, f,(T) is used. Two derivations for f,(T) were
shown. The first method using Lemma 1 is much simpler than that used by
Anderson (2003) as detailed in Remark 1. The author believes that this sim-
plification will reduce the difficulties frequently encountered when beginning
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students/researchers master the Wishart density. Note that when the Wishart
density for w,(S|I,,n) is given, f,(T) is obtained using J(S — T) in Lemma 2
as easily as the transformation J(T — S), which is the reversed problem (see
Bartlett, 1933; Muirhead, 1982, Theorem 3.2.14).

Remark 2 Lemma 1 gave the justification of XXT = TTT with mutually inde-
pendent normal ¢;; (p >4 > j >) and chi-distributed ¢;;(i = 1,...,p). While the
chi-square distribution of (TTT);; is obvious, the distribution of (TTT);; (i > j)
is that of the product sum of p pairs of independent normals (the product-sum
normal for short). The pdf and mgf of the product-sum normal in the case of a
possibly correlated single pair was given by Craig (1936) (see also Ogasawara,
2023a, Remarks S1-S4). For current developments of this issue, see e.g., Seijas-
Macias and Oliveira (2012), Seijas-Macfas, Oliveira, Oliveira, and Leiva (2020),
and Gaunt (2022).

Remark 3 As addressed earlier, the complicated property found in many of
the proofs of the Wishart density seems to be due partially to the associated
Jacobians in e.g., Srivastava and Khatri (1979, Section 3.2) and Anderson (2003,
Section 7.2). The proof of the Wishart density in Theorem 1 is similar to that in
Srivastava and Khatri (1979, Section 3.2). Though the Jacobian in Lemma 2 was
also used by Srivastava and Khatri, we did not use the Jacobian of X — {T, V*}
in X = TV*, where V* is a p x n semi-orthonormal matrix with V*V*T = I,
(see Srivastava & Khatri, 1979, Exercise 1.33). Instead, we used the marginal
chi and normal distributions for T as in Anderson (2003).

As shown earlier, in the three proofs of the Wishart density w,(Ss|X%,n),
the Bartlett-like Cholesky decomposition 3 = BB is used for non-stochastic
3. Though this factorization gives simple results, other factorizations can also
be used with ¥ = BGG'B' = BG(BG)T = DD?, where GGT = GTG =1,
and D = BG. For illustration, Proof 5 using D = X'/2 with (3'/2)? = X will be
shown in Appendix A for didactic purposes with associated remarks. The concise
derivation of Khatri (1963) will be explained in Appendix B. The Bartlett de-
composition S = TTT can also be replaced by other ones with the same number
of random variables. The case called the exchanged Bartlett decomposition will
be shown in Appendix C.

Conclusion Among Proofs 1 to 4 of the Wishart distribution given earlier and
Proofs 5 to 7 to be shown in the appendix for expository purposes, Proof 4
using our Lemma 1 for the equivalence of the distributions of the product-sum
normal and the product of the chi and standard normal as well as Lemma 6
for the factorization theorem given by Ghosh and Sinha (2002) is the simplest.
Since Proof 4 uses elementary and self-contained methods, the proof may be
understood by beginning students/researchers without much difficulty.
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Appendix A An alternative proof of the Wishart density
for correlated cases

Let X'/2 be a symmetric matrix-square-root of X satisfying (3'/2)? = X. Then,
we have (Y).; = (£Y/2X); ~ N,(0,%) as (BX); ~ N,(0,%) (j = 1,...,n),
which gives Sy; = YYT = Z1/2XXTx1/2 = £1/28%1/2 where Sy is rede-
fined using X'/2. Let sy, = (S:115 $5:21, S3225 ey SEpls -y szpp)T using redefined
Sy = {s=i;} (i,5 = 1,...,p). Then, Dyss; = vec(Syx) follows, where D,, of full
column rank is the p? x {p(p+1)/2} duplication matrix consisting of 0’s and 1’s
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(Magnus & Neudecker, 1999, Chapter 3, Section 8); and vec(-) is the vectorizing
operator stacking the columns of a matrix in parentheses sequentially with the
first column on the top. Using the formula vec(ABC) = (CT @ A)vec(B) (see
Magnus & Neudecker, 1999, Chapter 2, Theorem 2), where ® denotes the direct
or Kronecker product, we obtain

D,ss = vec(Sx) = vec(Z/2821/2) = (B/20212)vec(S) = (ZV/2021/2)D,s.

Pre-multiplying the above equation by (D} D,) 'D} = D, which is the left-

or Moore-Penrose generalized inverse of D), with D,/ Dy, = I,,,11)/2 (see Magnus
& Neudecker, 1999, Chapter 3, Section 8), we have

sy =D/ (B2 @ B%)D,s.

The Jacobian of the transformation Sy — S or equivalently sy — s is given
by D (22 @ B/%)D,|+ = [|X|T1/2, which is derived using the following
lemma.

Lemma 7 (Magnus & Neudecker, 1986, Equation (7.11)). Let A be a p X p
positive definite matriz with distinct eigenvalues. Then, |D} (A @ A)Dy| =
|A|p+1'

Proof. While Magnus and Neudecker (1986) used Shur’s theorem for the ex-
istence of a non-singular matrix V satisfying V"!AV = M, where M is an
upper-triangular matrix for a general square matrix A, we use a familiar special
case of the theorem as LTAL = A when A = LALT with LLT = L'L =1,
and A = diag(A,...,Ap) (A1 > ... > A, > 0), where the columns of L and
Ai(i =1,...,p) are the eigenvectors and eigenvalues of A, respectively. Note that

D/ (LT @ L")D,D} (A ® A)D, D} (L ® L)D,,

=D/ (L"9L")(A® A)(L®L)D,

= D;{(LTAL) ® (LTAL)}D, = D} (A ® A)D,,
where D,D} (A ® A) = (A ® A)D,D; and D,D;D, = D, (Magnus &
Neudecker, 1999, Chapter 3, Theorem 13) are used, followed by the transfor-
mation given by (A ® B)(C ® D) = (AC) ® (BD) when multiplications are
defined.

Note that D} (LT @ LT)D,, = {D/ (L ® L)D,} ' since

D} (L"®L")D,D} (LeL)D, =D} (L"9L")(L&L)D, = DD, = IL,,11)/2.

Consequently, we can write as

D+ (LT @ L")D,D/ (A ®A)D, D} (L®L)D,
=B 'D}(A®A)D,B=D/(A®A)D,,



52 H. Ogasawara

which shows that the eigenvalues of D;‘(A ® A)D, are the same as those of
D;F(A ® A)D (see e.g., Magnus & Neudecker, 1999, Chapter 1, Theorem 5).
Employ the double subscript notation as used earlier for the row numbers 7
and j (p > ¢ > j > 1) and column numbers k and [ (p > k > [ > 1) of
the {p(p + 1)/2} x {p(p + 1)/2} matrix D (A ® A)D,. These numbers cor-
respond to the subscripts of the elements of e.g., the {p(p + 1)/2} x 1 vector
S = (511, 521,822, -5 Sply--ey s Spp)T.

Consider (A ® A)D,, where the (k, k)th columns of (A A)D, (k=1,...,p)
are unchanged from the corresponding ones of A ® A while the (k,)th columns
(p>k>1>1)of (A®A)D, are combined ones as the sum of the (k,[)- and
(I, k)-th columns of A ® A such that e.g.,

100 Mo o0
. 2 2 010 _ 0 )\1 )\2 0
(A X A)DQ = dlag()\l, A1 )\2, Ao /\1, )\2) o010l = 1o Aoy 0
001 0 0 A
when p = 2. For the second transformation D} (A ® A)D,, noting that D} =
10 0 O
(DFD,) 'D} consists of 1’s, 1/2’s and 0’s as D = [ 01/2 1/2 0 |, we find
00 0 1

that DY (A ® A)D,, is the {p(p + 1)/2} x {p(p + 1)/2} diagonal matrix whose
diagonal elements are A? (i = 1,...,p) and \\; (p >4 > j > 1) as DJ (A ®
A)D, = diag(\?, X2 A1, A\2). Then, we have

D/ (A®A)D,| = |D(A®A)D,|

P p p+1

p2i>j=>1

a

Proof 5 of the Wishart density in Theorem 2 The Jacobian of the trans-
formation Sy — S or equivalently sy — s is given by Lemma 7 as |D} (22 @
SYHD,|, = |B|PTY/2. Consequently, J(s — sx) becomes |£|~(PT1/2. Then,
the pdf of Sy is obtained by that of S = £~1/285%~1/2 in Theorem 1 and
J(s = sx) = |Z|7P+H)/2 a5

exp{—tz(8S)/2}[S[" P~/
wp(Sxl¥n) = 27/°T, (n/2)
exp{,tr(gflﬂszgfl/?)/g}‘271/252271/2|(nfp71)/2 |2|,(p+1)/2
B 2m2/2T,(n/2)
exp{—tr(Z~'Sx)/2}|Sg |7~/
2np /2|32 1 (n/2)

2
|3|~(Pt1)/2
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Remark 4 When Lemma 7 for the Jacobian of Sy — S is given, Theorem 2
for the Wishart density for general correlated cases was immediately obtained.
Conversely, when the Wishart densities for S and Sy, are available, the Jacobian
is easily given by comparing two densities using S = X~1/2853~1/2, which was
employed by Anderson (2003, Theorem 7.3.3).

Appendix B On Khatri (1963)’s self-contained concise
derivation

Khatri (1963) is referred to only by Kshirsagar (1972, p. 59) and, Srivastava and
Khatri (1979, p. 76) to the author’s knowledge. The derivation depends on the
integral 7#/2q(*/2=1 /P (k/2) = Jyry—q 41 - day, where g is a positive constant
and x;’s with x = (x4, ..., xk)T independently follow the standard normal. This
integral is typically obtained in a proof of the chi-square distribution with & df
using the surface area Sy = 2%/2r*=1/(k/2) of the (k — 1)-sphere with the
radius 7 = ¢*/? in the k-dimensional Euclidian space and dr = {1/(2¢"/?)}dg:

(T, (1/V2m) exp(=2/2) rsmg | fyre A -+ - da
1 v ork/2pk=1 4y 1 . ork/2q(k=1)/2 1
= 7 ) T @~ gy ) T

1
= k/2)—1 _4q
2k/2p(k/2)q exp (—4)
yielding
/ d 27Tk/2q(k71)/2 1 7.‘.k/Qq(k/2)71
xy - -dag = 5 =
xTx=q F(k/2) 2q / F(k/2)

Khatri (1963, p. 53) stated that fxTx:q dzy - --day, = 7/2¢*/? ) (k/2) using our

notation, where ¢*/2 rather than ¢(*/2=1 is probably a typo since otherwise the

correct factor [S|("~P~1/2 corresponding to ¢**/?)~! when k = n — p + 1 in his
subsequent expression of the Wishart density does not follow. An alternative
short derivation of fxTx:q dzq - - - dxy, was given by Ogasawara (2022) as follows.
Suppose that the pdf of the chi-square with &k df, which is equal to that of the
gamma with the shape parameter k/2 and the scale parameter 2, is obtained
by a different method using e.g., the property of the distribution that the sum
of the independent gamma distributed variables with the same scale parame-
ter becomes the gamma with the shape parameter being the sum of those of
the gammas and the same scale. Note that the beta integral or the moment
generating function can be used for the derivation of this property. Then, we
have

(k/2)~1 gy (—
(I v ematiennea [ deseam = Tl
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which gives

/ b — T ep(—a/2) /(220 (R)2)) 7t 2D
xmg I (Ve ep(—a2)hesy L (R/2)

We find that this derivation without using the area of the (k—1)-sphere is similar
to that by Anderson (2003) mentioned in Remark 4.

Proof 6 of the Wishart density in Theorem 2 (Khatri, 1963) Khatri’s

1.5-page short derivation is due partially to his concise description. Since the ar-

ticle is less well documented with no title, the citations mentioned earlier using

the same incorrect page numbers and several possible typos including the above

one for important points and other minor errors, the corrected proof is pro-

vided with some added explanations. The derivation consists of a p-step variable

transformation with p Jacobians canceling most of them after multiplication.

Define the pxn matrix X5, where each column independently follows N, (0, 3).
T
Partition Sy = X» XL = Sp=1 8p-1 = Xp_lXp_l Xp-1% , where e.g.,
s%ll Spp XEX;{LI xgxp

Spp is temporarily used in place of sx;, for simplicity. Define the n x n matrix
Xp—1 . .

P, = , where the (n —p+ 1) X n submatrix Y, _,11 is chosen such
Yn—p+1

that Yn_p+1Xg_1 = O and Yn_p+1YT 1 = Lh—p41. Then, we have PPl =

n—p+
S,—1 O
o , which gives |P,|+ = |P,PF|*/2 = |S,_1|'/2. Consider the

o Infp+1
variable transformation from x, to Ppx, with (s} |, z% ;)T = Pyx,, where
_ -1 -1/2 g
Z—pi1 = Yo pr1Xp and J(x, = Ppx,) = [Py|7' = [S,_1]/71/2. Since

_ T _ (T T T-1p—-1(T T T
Spp = Xp Xp = (Sp—l’ Zn—p+1)Pp Pp (Sp—17 Zn—p+1)

-1

Sp=1 O Sp-1 =st S ts, 1 +2zF z

= Sp—-19p—15p—1 n—p+14n—p+1,
0] In7p+1 Zp—p+1

we have Zz—p-q-lzn—p-i-l = Spp — Sg—ls;—llsp—l = [Sxl/ISp-1].
Using the multivariate normal density, the joint marginal density of X, 1,
when a random matrix Sy at Sy is a fixed one, becomes

Ix,o (Xpo1) = fx,s
= [%0 - [ (2n) PR exp{ (2718 ) /2}
X J{xp = (8p_1, Zn_pi1)  Jdz1 - dzpopia

= 2, @) PRB 2 exp{—tr(27185) /2} 8| V2dz 1,
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where the integrand does not include z,_,11. Then, the above integral becomes

fx,o0 = 2m) PRS2 exp{ (3718 5) /2} S |2

x fz27p+1zn_p+1: [S=|/I1Sp-1] dZn_p+1
= (2m) 2T exp{—tr(27'S 5) /2} [Spa |/
p(n—p+1)/2 (‘Szmsp_l|){(n*P+1)/2}*1

I'{(n—p+1)/2}
(et D/2|8 | (np /2 oxp (S 18 ) /2) 1

T @)PIEPEr - pt 12y Sy

where Khatri’s (p. 54) expression |S,_1|(n —p—2)/2 using our notation in place
of [S,_1](""P)/2 is incorrect. Define X,,_;{(p—4) x n}, Yp_pri{(n —p+i) xn},
Sy i{ (p—i) X (p—1)}, Sy i{ (p—) x 1} and 2y psi{(n—p-+) x 1} (i = 2,...,p—1)
similarly to those when 7 = 1, respectively. Then, using these matrices and
vectors in similar manners, we have the successive transformations as

r( P ED/2]§ 5| (7P D2 exp{—tr(2 1S 5) /2} 1
@n)" PSR -p+ /2 Syl
—1
x [Ti sz Znpri=Sp_i11/ISp_il dzp—pri
r(nmpt)/2|8 5| (=P /2 exp{—tr(X 'S x) /2} 1
(2m)"P 2| /20 {(n — p +1)/2} [Sp—1|(n=r)/2
p—1 g(n—p+i)/2 |Sp_i+1|(nfp+zf2)/2/|sp_i|{(nfp+zfl)/2
i=2 I'{(n—p+1)/2}
B alr=pP)(p=1)Hp(p=1)/2}=npl/2|§ 1| (=P=1)/2 oxp{ —tr(E~! SZ)/2}|S =272
- 2002\ [n/2 [[Z] T{(n — p +1)/2} '
_Iss[ D ep{-(E1Sp)/2) (XX Y
- 2w 2 D/ATT_ T{(n —p+1)/2} © 7/2/T(n/2)

Ix, =

Noting that (X;X])~("=2)/2 = |§;|-(»=2)/2 = 3171(”72)/2 is a fixed quantity, the
last step is the integral with respect to the row vector X;:

wy(SxI%,n) = fx, fx,x7—e, X1 = f, 72517 D(n)2)
- IS5 |(*=P=1/2 exp{ —tr(X~'Syx)/2}
~ PR e DATE T{(n—p+i)/2}

Appendix C The exchanged Bartlett decomposition

The Bartlett decomposition S = TTT has been used in this paper as well as
in literatures. Let S = UUT, where U(# T7) is the upper-triangular matrix
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whose non-zero elements are random variables. Note that U can be obtained
by rotating T as U = TV using an orthonormal matrix V. Define the upper-
triangular matrix C satisfying ¥ = CCT with ¢;; > 0 (i = 1, ..., p), where C is
obtained by C = BV* and V* is another orthonormal matrix. Recall that the
Cholesky decomposition & = BBT was used earlier. The form ¥ = CC" is also
called the exchanged (reversed) Cholesky or upper-lower (UL) decomposition in
this paper.

Remark 5 Consider the distribution of w;;(i = 1,...,p;j = i, ..., p), which are
assumed to be mutually independent. As in the case of the usual Bartlett, Lemma
1 shows that when wu,; is chi-distributed with n —p+4 df (i = 1,...,p) and w;;
is standard normal (i = 1,...,p;j =4 + 1, ..., p), the distribution of S = XXT(=
TTT) is the same as that of UUT. Note that ¢;; is chi-distributed with n —4+ 1
df rather than n — p + 4. The joint pdf of U denoted by f,(U) becomes

i1

W s (= p+ 072}

! { II eXP(U?j/2)}

X ——— 272
( /*2Tr)(p p)/ 1<i<j<p

{fllﬁ_p”_lexp(—uz?i/?)}{ I1 exp(—U%ﬂ)}

fp(U) =

p ut Pl exp(—u?/2) 1

1<i<j<p

n— — _ p
2( 2p)p+p(p4+1)7p 5 217(174 1) ﬂ_p(P4 1) H F{(n —p + Z)/Q}
=1

_<<

@
=

%

u"Wl) exp{—tr(UUT)/2}

2% P, (n/2)

Proof 7 of the Wishart density in Theorem 2 Consider the one-step trans-
formation from U to Sy = CXXTCT = CSCT = CUUTCT, where it is found
that C(X).; g N,(0,%) (j =1, ...,n). Redefine the vector of the non-duplicated
elements in Sy as sy = (S511, -+, S51ps S5225 -vs ST2ps -+ s;z)p)T whose elements
are lexicographically ordered Similarly, define the {p(p+1)/2} x 1 vectors ¢ and
u using the corresponding elements of C and U, respectively.

The proof is similar to Proof 1 of Lemma 5. Since C, U and CU are upper-
triangular, the Jacobian matrix dsyx/0u’ = {0sxij/0um} (1 <i<j<pl<
k <1 < p) becomes upper-triangular, whose diagonal elements are

682”‘

50 = {C(EyUT + UE;)CT}; = (CE,UTCY)y = cunyyej; (1 <0< j<p)
ij

and
05 x4

D = {C(E”UT + UE”)CT}“ = QC?Z-U”* (Z =1, ...,p).
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Since the determinant of the Jacobian matrix or J(Sx — U) becomes

P P Ossij _ P P Osxij P O9ssii _ op TP P o
i=11j=i Bu;; = ( i=1 1lj=it1 Bu;, i=1 un = 2P 1 lima Hj:i CiiUjjCjj
—_9p 4 —i+1 P Jj J _ opTTP +1 4 _ o9p p+1 TP i
=2 ( i=1 <t j=1 “jjcgj =2"[[i, kil = 27|C] [Tiey wi;

— 2?‘2‘(P+1)/2 Hle ut

J(U — Syx) is given by the reciprocal of the above quantity.
The Wishart density is given by f,(U) and J(U — Sx):
wp(Sx|3,n) = f,(U)J(U — Syx)
po
exp{—tr(UUT)/2} [T i 7 iy
R ROYE) T | (T
p
exp{—tr(UUT)/2}[S|~ /2 [T uf ™!
i=1

27/21 (n/2)
exp{—tr(C~!SxCT~1)/2}|3|~-P+1/2|C~ 185 CT-1|(n-P-1)/2
N 272/2T,(n/2)

B exp{—tr(X~'Sx)/2}|Sx|" P~/
TR R RO

as expected. a

Remark 6 Though U # T7T as noted earlier, U is obtained by reversing the
row indexes of T followed by the similar reversal of the column ones. When p =
3, this transformation proceeds as

t11 0 O t31 t32 t33 t33 t32 t31 U1l U2 U13
T = to1 too 0 — | to1 tog 0 — 10 too to1 =10 U22 U223 =U.
31 t32 t33 t11 0 0 0 0 it 0 0 ‘uss

The above example indicates other decompositions 8 = T*T*T = U*U*T with
the unchanged distribution of S = XX, where T*(U*) is a lower (upper)-
triangular matrix defined with the non-zero elements on and below (above) the
minor diagonals. Note that T* and U* are obtained by T and U by revers-

0 0 t11
ing the row or column indexes. When p = 3, T* and U* are |0 to2 to1 | =
33 t32 t31
0 0 1%3 U13 U2 U111 Uil UTZ UT?)
0 55 t55 | and | u2s ug22 O = | ud; usy 0 , respectively.
13,155 135 uss 0 O uzj 0 0

Actually, we have infinitely many transformations with the unchanged distri-
bution of S, including the above ones, using various orthonormal p X p matrices
denoted by V’s since each column of VX independently follows N,(0,L,) (see
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e.g., Anderson, 2003, Theorem 3.3.1). In other words, the distributions of VX
and X are the same. Then, S = XX™ can be replaced by S = VXXTVT. Note
that one of the decomposed matrices e.g., T, T*, U and U* are given by other
ones using V as T = VU*. This indeterminacy of transformation is similar to
the rotational indeterminacy in orthogonal rotation in factor analysis and canon-
ical correlation analysis or more generally transformations in structural equation

modeling (Ogasawara, 2007; Schuberth, 2021; Yu, Schuberth, & Henseler, 2023).
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